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The set of firing rates of the presynaptic excitatory and inhibitory neurons constitutes the input signal to the postsynaptic neuron. Estimation
of the time-varying input rates from intracellularly recorded membrane
potential is investigated here. For that purpose, the membrane potential dynamics must be specified. We consider the Ornstein-Uhlenbeck
stochastic process, one of the most common single-neuron models, with
time-dependent mean and variance. Assuming the slow variation of these
two moments, it is possible to formulate the estimation problem by using
a state-space model. We develop an algorithm that estimates the paths of
the mean and variance of the input current by using the empirical Bayes
approach. Then the input firing rates are directly available from the moments. The proposed method is applied to three simulated data examples:
constant signal, sinusoidally modulated signal, and constant signal with
a jump. For the constant signal, the estimation performance of the method
is comparable to that of the traditionally applied maximum likelihood
method. Further, the proposed method accurately estimates both continuous and discontinuous time-variable signals. In the case of the signal
with a jump, which does not satisfy the assumption of slow variability,
the robustness of the method is verified. It can be concluded that the
method provides reliable estimates of the total input firing rates, which
are not experimentally measurable.
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1 Introduction
Cortical neurons transmit information by transforming synaptic inputs into
spikes. Deducing the input from the spiking activity has been at the center
of interest for decades. Spike trains of a single neuron or a small group of
neurons were recorded in many experiments and often described by theoretical models. For example, the spike trains observed in the visual cortex
were compared with those predicted by the models (Softky & Koch, 1993;
Shadlen & Newsome, 1995, 1998). These studies suggested that the excitatory and inhibitory inputs are balanced. However, spiking data can provide
only indirect means for deducing the input to the neuron. In such data, the
dynamics of subthreshold membrane potential are not available, and a clue
about the presynaptic activity is potentially hidden in the membrane trajectory. DeWeese and Zador (2006) recorded the membrane potential of
a neuron in rat primary auditory cortex in vivo. They concluded that the
presynaptic activity is highly correlated among neurons, and it varies faster
than the mean interspike interval of a neuron. Such a result would hardly
be achieved from only spiking data. Thus, we can expect that for analyzing
the population activity of presynaptic neurons in more detail, it is necessary
to have membrane potential data. For this reason, it would be important
to devise a systematic method for estimating presynaptic input signal from
these types of data.
In this letter, we propose a method for estimating the time-varying firing
rates of the populations of excitatory and inhibitory neurons impinging on
the target neuron from which the membrane potential trajectory is experimentally recorded. These firing rates represent the input signal from the
point of view of the frequency coding concept. To develop such a statistical
procedure, a neuronal model has to be considered. The integrate-and-fire
neuronal models are probably the most common one-dimensional mathematical representations of a single neuron (see for a review Burkitt, 2006).
In fact, it has been shown (Kistler, Gerstner, & van Hemmen, 1997; Jolivet,
Lewis, & Gerstner, 2004; Kobayashi & Shinomoto, 2007) that integrateand-fire models are a good approximation of the more detailed biophysical models, including the Hodgkin-Huxley model. Therefore, analysis of
integrate-and-fire models, despite their relative simplicity, provides a rather
reliable prediction of analogous results for more complicated models. For
our purpose, we selected Stein’s model and its diffusion counterpart, the
Ornstein-Uhlenbeck model. Stein’s model is introduced because it offers
a distinction between its intrinsic parameters and the input signal, a distinction that is not obvious in the Ornstein-Uhlenbeck model, and the role
of noise is often misinterpreted. The Ornstein-Uhlenbeck model possesses
continuous trajectories, and we assume that a trajectory is sampled and the
samples are used to determine the neuronal input.
The estimation problem of a time-varying input signal from a sampled
voltage trace is ill posed. The sets of parameters and functions giving rise
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to a particular voltage trace are not uniquely determined without additional assumptions. The problem can be formulated as the estimation of
a hidden state in a state-space model by assuming that the input signal
is slowly varying. This estimation problem appears in various studies on
neuronal data analysis, such as spike train analysis (Smith & Brown, 2003;
Eden, Frank, Barbieri, Solo, & Brown, 2004; Koyama & Shinomoto, 2005;
Shimokawa & Shinomoto, 2009; Paninski et al., 2010), brain-computer interface (Koyama, Chase et al., 2010) and analysis of neuronal imaging data
(Friston et al., 2002; Huys & Paninski, 2009). In all these cases, Kalman filtering and smoothing techniques are applied to estimate the hidden state
from the observed data (reviewed in Paninski et al., 2010).
In this study, we develop a method for estimating the time-dependent
input signal from a subthreshold voltage trace of a neuron described by the
Ornstein-Uhlenbeck model. The proposed method is applied to simulated
voltage traces, and the estimation precision is evaluated for continuous and
discontinuous input signals.
2 Model
The leaky integrate-and-fire concept contains several different models, and
we investigate one of them; the Ornstein-Uhlenbeck process with timevariable infinitesimal mean (drift) and variance. The Ornstein-Uhlenbeck
process is probably the most common neuronal model of this type, and
the variability of its infinitesimal moments reflects that of the input signal,
which is represented by the electric current. Furthermore, in this study, the
firing part of the model is not considered, and the model is studied in the
absence of spike generation. The existence of firing would not change the
results but would make the method notationally complicated. We selected
the Ornstein-Uhlenbeck neuronal model because it permits us to infer the
role of the parameters and functions appearing in the model and their
ranges. Otherwise, the quantities could be selected ad hoc and could be
investigated in ranges completely outside any biological relevance.
A neuron receives synaptic inputs from many different excitatory and
inhibitory presynaptic neurons. Under the leaky integration scenario and
in the absence of firing, its membrane potential, X = X(t), is described by a
differential equation (Tuckwell, 1988),
dX
X(t) − xL
=−
+ IExc (t) − IInh (t);
dt
τ

X(0) = xL ,

(2.1)

where
IExc (t) =

NE

i=1

aE


k

k
δ(t − tE,i
),

IInh (t) =

NI

i=1

aI


k

k
δ(t − tI,i
).

(2.2)
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xL is the resting potential, τ > 0 is the membrane time constant, and IExc ,
IInh represent contributions to the membrane potential due to the synaptic
input from excitatory and inhibitory presynaptic neurons. The constants
NE (NI ) denote the number of excitatory (inhibitory) presynaptic neurons,
a E > 0 (a I > 0) can be seen as the amplitudes of the excitatory (inhibitory)
k
k
postsynaptic potentials, tE,i
(tI,i
) is the kth spike time from the ith excitatory
(inhibitory) presynaptic neuron, and δ(t) is a Dirac delta function.
In reality, we have no information about the exact timing of the input
spike trains because they often appear as random with different rates. Therefore, it is often assumed that each excitatory and inhibitory presynaptic
neuron produces its spike trains in accordance with a Poisson process with
individual intensities λ E,i (t) (i = 1, 2, . . . , NE ) and λ I,i (t) (i = 1, 2, . . . , NI ).
The model with the Poisson assumption is mathematically equivalent to
the stochastic Stein’s model (Stein, 1965; Tuckwell, 1988),
d Xt = −

Xt − xL
dt + a E d Pt+ − a I d Pt− ; X0 = xL ,
τ

(2.3)

where Xt is the membrane potential at time t and Pt+ , Pt− are
two independent nonhomogeneous Poisson processes with intensities
 NE
 NI
λ E (t) = i=1
λ E,i (t) and λ I (t) = i=1
λ I,i (t), respectively. The first and the
second infinitesimal moments of X defined by equation 2.3 are
M1 (x, t) = lim

E[Xt |Xt = x]
x − xL
=−
+ a E λE (t) − a I λI (t), (2.4)
t
τ

M2 (x, t) = lim

E[(Xt )2 |Xt = x]
= a E2 λE (t) + a I2 λI (t),
t

t→0

t→0

(2.5)

where Xt = Xt+t − Xt (Ricciardi, 1977).
In a general diffusion model, the membrane potential is described by a
scalar diffusion process V = Vt given by the Itô-type stochastic differential
equation (Ricciardi, 1977),
d Vt = ν(Vt ; t) dt + σ (Vt ; t) dWt ; V0 = v0 ,

(2.6)

where ν and σ are real-valued functions (called) respectively, a drift and
an infinitesimal variance) of their arguments and Wt is a standard Wiener
process (Brownian motion).
The first two infinitesimal moments of process 2.6 are M1 (v, t) = ν(v; t)
and M2 (v, t) = σ 2 (v; t). Comparing the infinitesimal moments 2.4 and 2.5
of Stein’s model with those of the general diffusion model, we can see that
the diffusion approximation (Ricciardi, 1976; Lansky, 1984; Tuckwell, 1988)
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of Stein’s model is


Vt − v L
d Vt = −
+ μ(t) dt + σ (t) dWt ;
τ

V0 = v L ,

(2.7)

where
μ(t) = a E λE (t) − a I λI (t),
σ (t) =
2

a E2 λE (t)

+

a 2I λI (t),

(2.8)
(2.9)

and v L = xL . Equation 2.9 shows the relation of the infinitesimal variance in
diffusion neuronal model 2.7 to the drift 2.8. Despite the fact that in many
applications, the variance σ 2 (t) in equation 2.7 is denoted as the amplitude
of the noise, in neuronal context, due to equation 2.9, it is related to the
signal (for more details, see Lansky & Sacerdote, 2001).
There are two kinds of quantities appearing in equations 2.1 to 2.3 and,
consequently, also in equations 2.7 to 2.9. The first kind is the input signal
μ(t) and σ 2 (t). For convenience, we call μ(t) a mean input signal and σ 2 (t)
a variance input signal or variance. The activity of the neurons impinging on the studied one are characterized by the input rate λ E (t) and λ I (t).
Therefore, under the rate coding principle, both μ(t) and σ 2 (t) in equation
2.7 are the input signal that we aim to determine. Under some specific
conditions, the dependence between μ(t) and σ 2 (t) may cause counterintuitive situations; for example, if a E = a I and λ E (t) and λ I (t) are periodic,
completely synchronized, and balanced, then μ(t) is constant. Shifting the
relative phases may result in constant σ 2 (t). In any case, equations 2.8 and
2.9 permit us to find the input intensities λ E (t) and λ I (t) if μ(t) and σ 2 (t) are
known.
The second group of quantities in equation 2.7 is the intrinsic parameters
of a neuron, such as the amplitudes of excitatory and inhibitory postsynaptic
potentials aE and aI , the resting potential v L and the membrane time constant
τ . Although they may vary, they are relatively stable compared to the input
signal. In addition, these parameters are measurable by means of additional
experiments such as a voltage clamp technique.
3 Method
T
Our goal is to estimate the time-varying input signal {μ(t), σ 2 (t)}t=0
from
T
the observed voltage trace {V(t)}t=0 given by equation 2.7, where (0, T)
is the observation interval. For that purpose, we assume that the resting
potential vL and the membrane time constants τ are known. Because the
estimation problem is ill posed, we cannot determine the input signal
from a voltage trace without additional assumptions. To overcome this,
we employ a Bayesian approach and introduce random-walk-type priors
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for the input signal. Then we determine hyperparameters by using the
expectation-maximization (EM) algorithm. Finally, we evaluate the
Bayesian estimate of the input signal with the Kalman filtering and
smoothing techniques. Figure 1 gives a schematic description of the
proposed method.
3.1 Prior Distribution of Input Signal. Let us assume that the voltage is sampled at N equidistant steps t j = j h, j = 1, . . . , N, where h > 0
is sampling step and the recorded voltage is denoted by {Vi }. Although
there is no conceptual difference between considering equidistant steps
and nonequidistant steps, we studied the equidistant case for simplicity.
To apply the Bayesian approach, model 2.7 is modified into the discretized
form



Vj − v L
Vj+1 = Vj + −
+ Mj h + S j hη j ,
τ

V0 = v L ,

(3.1)

where η j are independent gaussian random variables of zero mean and
unit standard deviation, and {Mj , S j } are sufficiently smooth random functions satisfying the following conditions (Bialek, Callan, & Strong, 1996;
Kitagawa, 1998; Koyama & Shinomoto, 2005; Shimokawa & Shinomoto,
2009):
2
P[Mj+1 |Mj = m] = N(m, γ M
h),

(3.2)

P[S j+1 |S j = s] = N(s, γ S2 h),

(3.3)

2
where γ M
and γ S2 are the hyperparameters that regulate the smoothness of
{Mj , S j } and N(a, b) is the gaussian distribution with mean a and variance
b.
Neuron model 3.1 and the prior distribution for input signal,
equations 3.2 and 3.3, can be represented as the state-space model,
 j ≡ (Mj , S j ) are the two-dimensional (2D) states and
in which X
V −v
Z j = Vj+1 − Vj + j τ L h ( j = 1, . . . , N − 1) are the observations. The
state equation derived from equations 3.2 and 3.3 is

 j+1 = F X
 j + ξ j ,
X

(3.4)

where F is the state transition matrix and ξ j is the process noise drawn
from a zero mean 2D gaussian distribution with covariance G, that is,
 G). F and G are 2 × 2 diagonal matrices and given by
ξ j ∼ N(0,
F = diag(1, 1),

2
G = diag(γ M
h, γ S2 h).
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Figure 1: Schematic representation of the estimation procedure (for details, see
the text). A neuron is driven by a large number of time-variable synaptic inputs
from excitatory and inhibitory neurons. The second panel shows the total input
to a neuron. The formal description of the neuron is given by the equation below.
The membrane voltage, shown in the fourth panel from top, is observed. The
mean input signal and the variance input signal are estimated from the voltage
trace with a Bayesian filter. Finally, the excitatory and inhibitory firing rates can
be deduced.
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The observation equation derived from equation 3.1 is
Z j = Mj h +



S j hη j .

(3.5)

3.2 Posterior Distribution of Input Signal. To estimate the paths of
input parameters for the given data, we first determine the smoothness
of the mean and variance of input signal, which is characterized by θ :=
2
(γ M
, γ S2 ), by maximizing the likelihood via the EM algorithm (Dempster,
Laird, & Rubin, 1977). The likelihood integrated over hidden variables
 j } N−1 is maximized,
{X
j=1
θML = argmax p(Z1:N−1 |θ) = argmax
θ

θ



 1:N−1 |θ)
 1:N−1 ,
 dX
p(Z1:N−1 , X
(3.6)

N−1 

 N−1

where Z1:N−1 := {Z j } N−1
j=1 , X1:N−1 := { X j } j=1 , and d X1:N−1 :=
j=1 d X j . The
maximization can be achieved iteratively by maximizing the Q function,
the conditional expectation of the log likelihood

θk+1 = argmax Q(θ |θk ),
θ

(3.7)

 1:N−1 |θ ])|Z1:N−1 , θk ] and θk is the kth itwhere, Q(θ |θk ) := E[log(P[Z1:N−1 ; X
erated estimate of θ . The Q function can be written as
Q(θ |θk ) =

N−1


 j ]) |Z1:N−1 , θk ]
E[log(P[Z j | X

j=1

+

N−2


 j+1 | X
 j , θ ]) |Z1:N−1 , θk ] + const.
E[log(P[ X

(3.8)

j=1

The (k + 1)th iterated estimate of θ is determined by the conditions for
∂Q
= 0,
2
∂γ M
2
γ M,k+1
=

∂Q
=0:
∂γ S2

N−2

1
E[(Mj+1 − Mj )2 |Z1:N−1 , θk ],
(N − 2)h

(3.9)

j=1

2
γ S,k+1
=

N−2

1
E[(S j+1 − S j )2 |Z1:N−1 , θk ],
(N − 2)h
j=1

(3.10)
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2
2
2
where γ M,k
, γ S,k
are the kth iterated estimates of γ M
, γ S2 , respectively. As
the EM algorithm increases the marginal likelihood at each iteration, the
estimate converges to a local maximum. We calculate the conditional expectations in equations 3.9 and 3.10 using Kalman filtering and smoothing
algorithm (Kitagawa, 1998; Smith & Brown, 2003; Eden et al., 2004; Koyama
& Shinomoto, 2005; Shimokawa & Shinomoto, 2009; Koyama, Perez-Bolde,
Shalizi, & Kass, 2010; Paninski et al., 2010; see appendix A).
After fitting the hyperparameters, the Bayesian estimator for the input
signal {μ̂ j , σ̂ j2 } Nj=1 is obtained from
2
μ̂ j = E[Mj |Z1:N−1 , γ M
, γ S2 ],

σ̂ j2

= E[S j |Z1:N−1 ,

2
γM
,

γ S2 ].

(3.11)
(3.12)

We evaluate the estimator equations 3.11 and 3.12, using Kalman filtering
and the smoothing algorithm. We determined, the excitatory and inhibitory
input intensities from equations 2.8 and 2.9. We do not pursue the task up
to this point as an additional assumption; knowlege of aE and aI , has to be
postulated.
4 Applications
This section illustrates the efficiency of the method we have proposed.
Recording the membrane voltage of a neuron in vivo is a tractable task with
the current technology. However, the time course of the full input signal
to the neuron is not available. Thus, we checked the proposed method by
using simulated data. The voltage traces were generated from the OrnsteinUhlenbeck model, equation 2.7. The parameters of the neuron were fixed
at v L = −65 mV and τ = 10 ms. The simulation time step was fixed at dt =
0.01 ms. The voltage trace was sampled with the sampling step h = 0.1 ms,
and the observation length was T = 1s except in sections 4.3 and 4.4. Using
the EM algorithm described in the previous section, we determined the
2
hyperparameters, γ M
and γ S2 . The convergence criterion for the algorithm
was that relative changes in the parameter iterations were to be lower than
10−4 , that is, |new − old|/|old| < 10−4 .
The estimation precision of the input signal μ(t), σ 2 (t) was analyzed.
To evaluate the precision, we calculated the integrated squared error (ISE)
between the true input signal s(t) and its estimate ŝ(t),

Rs =

1
T



T

(ŝ(t) − s(t))2 dt,

(4.1)

0

The mean and the standard deviation of the ISE were evaluated from 100
realizations of simulated voltage traces.
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We studied two types of time-varying input signals, continuous and
discontinuous input. The range of the input signals μ, σ 2 was determined
from experimental studies. The recorded membrane potential varied between −80 mV and −50 mV, and the standard deviation of the membrane potential was between 1 mV and 6 mV (Pare, Shink, Gaudreau,
Destexhe, & Lang, 1998; Destexhe, Rudolph, & Pare, 2003). Here, we chose
−2 < μ < 2, 0 < σ 2 < 4. This implies that the asymptotic moments of model
2.7, that
 is, the mean and the standard deviation, are −85 ≤ E[V∞ ] ≤ −45,
0 ≤ Var[V∞ ] ≤ 4.5.
4.1 Estimating Modulated Continuous Input. The test input signal
μ(t), σ 2 (t) was sinusoidally modulated. We adopted
μ(t) = Cμ + Aμ sin(2π f μ t), σ 2 (t) = Cσ 2 + Aσ 2 sin(2π f σ 2 t),

(4.2)

where Cμ and Cσ 2 were the constant levels of the input, Aμ and Aσ 2 were
the amplitudes, and f μ and f σ 2 were the frequencies. The input signals
were modulated at from 1 Hz to 10 Hz. Four types of the input signals are
illustrated in Figure 2. We investigated the estimation precision for three
types of input: constant signal (see Figure 2A), mean modulated signal (see
Figure 2B), and variance modulated signal (see Figure 2C).
We examined the influence of variability of the input signal on the accuracy of the estimates. Figure 3 shows the ISE Rμ , Rσ 2 as a function of the
amplitude Aμ , Aσ 2 (see Figure 3B), the frequency f μ , f σ 2 (see Figure 3C), and
the constant level Cμ , Cσ 2 (see Figure 3D). We can see from Figure 3B that as
the amplitude of an input signal grows, the ISE of the time-varying signal
increases. The ISE of the other constant input signal, however, does not
depend on the amplitude. We can see from Figure 3C that as the frequency
of an input signal grows, the ISE of the time-varying signal increases. The
ISE of the other constant input signal does not depend on the frequency.
The dependence of frequency is similar to that of the amplitude. We can
see from Figure 3D that as the constant level of input variance grows, the
ISE of both input signals increases. On the contrary, as the constant level of
input mean grows, the ISE of these input signals does not increase.
4.2 Estimating Constant Input with a Jump. We examined the effect of
discontinuity in the input signal on the estimate precision. The input signal
was taken in the form,


T
s(t) = s0 + δs H t −
,
(4.3)
2
where s(t) represents μ(t) or σ 2 (t), s0 is the initial value, δs is the jump size,
and T is the observation length. H(t) is the unit step function:
H(t) =

0 (x < 0)
.
1 (x ≥ 0)
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Figure 2: An example of four types of time-varying input signals and its
estimates. (A) Both input signals are constant: μ(t) = 0.5, σ 2 (t) = 2. (B) The
mean input is modulated, and the variance is constant: μ(t) = 0.5 + sin(2π t),
σ 2 (t) = 2. (C) The mean input is constant, and the variance is modulated:
μ(t) = 0.5, σ 2 (t) = 2 + sin(2π t). (D) Both input signals are modulated: μ(t) =
0.5 + sin(2π t), σ 2 (t) = 2 + sin(2π t).

First, we examined how the jump size of the input signal influences the
accuracy of the estimates. Figure 4 shows the ISE Rμ , Rσ 2 as a function of
the jump size δμ, δσ 2 . We can see from Figure 4B that as the jump size of an
input signal grows, the ISE of the time-varying signal increases. The ISE of
the other constant input signal is independent of the jump size. Second, we

Estimation of Time-Dependent Input

3081

Figure 3: Dependence of the errors on the properties of sinusoidal input.
(A) Schematic figures of the analysis of the estimation errors. (B–D). The dependence of the errors (Rμ , Rσ 2 ) and their standard deviation on the amplitude
Aμ , Aσ 2 (B), the frequency f μ , f σ 2 (C), and the base line Cμ , Cσ 2 (D) are shown.
The black lines represent the mean of Rμ , and the dotted lines represent that
of Rσ 2 . The black error bars are the the standard deviation of Rμ , and the gray
error bars are that of Rσ 2 . The parameters in B are f μ = 2 (left figure), f σ 2 =
2 (right figure), Cμ = 0, and Cσ 2 = 2. Those in C are Aμ = 0.5 (left), Aσ 2 = 0.5
(right), Cμ = 0, and Cσ 2 = 2. Those in D are Aμ = 0.5, f μ = 2, and Cσ 2 = 2 (left),
Aσ 2 = 0.5, f σ 2 = 2 and Cμ = 0 (right).
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Figure 4: Dependence of errors on the properties of constant input with a
jump. (A) Schematic figures of the analysis of the estimation errors. (B) The
dependence of errors (Rμ , Rσ 2 ) and their standard deviation on the jump size
δμ, δσ 2 are shown. The black lines represent the mean of Rμ , and the dotted
lines represent that of Rσ 2 . The black error bars are the standard deviation of Rμ ,
and the gray error bars are that of Rσ 2 . The parameters in B are μ0 = −1, σ02 = 2
(left) and μ0 = 0, σ02 = 1 (right).

examined the error dependence on the initial value of the input signal μ0
and σ02 (data not shown). The ISEs Rμ , Rσ 2 do not depend on μ0 but increase
as a function of σ02 , as in the sinusoidal input signals (see Figure 3D).
4.3 The Effect of Sampling and Length of Data. We examined the effect
of observation parameters such as the sampling interval and the observation
duration on the accuracy of the estimates. For the constant input signals,
the estimation error of the proposed method was compared with that of
the maximum likelihood method (Lansky & Ditlevsen, 2008). For constant
input signals, μ(t) = μ, σ 2 (t) = σ 2 , the maximum likelihood estimates can
be given by
μ̂ML =

N−1

1
(Vj+1 − AVj ),
(N − 1)h

(4.4)

N−1

1
(Vj+1 − AVj − μ̂ML h)2 ,
(N − 1)h

(4.5)

j=1

2
σ̂ML
=

j=1

where A = 1 − τh .
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Figure 5: Dependence of errors on the observation parameters. (A) Dependence
of errors (Rμ , Rσ 2 ) on the sampling step h. (B) Dependence of errors on the
observation length T. The black lines represent the mean error of the Bayesian
(Bayes) method, and the dotted lines represent that of maximum likelihood
(ML) method. The black error bars are the standard deviation of the errors of
the Bayes method, and the gray error bars are that of ML method. The same
constant input signals are examined: Cμ = 0 and Cσ 2 = 2.

Figure 5 shows the dependence of the ISE Rμ , Rσ 2 of the constant signals
on the sampling step h (see Figure 5A) and the observation length T (see
Figure 5B). We can see from Figure 5A that as the sampling step grows,
the ISEs of the input variance increases, while that of the input mean does
not increase. Both ISEs decrease as a function of the observation length, as
shown in Figure 5B. These results document that the estimate precision of
the proposed method is as good as that of the maximum likelihood method
for constant input signals.
4.4 Realistic Model. The results obtained above are for a simplified
model with synaptic input. It is assumed that the synaptic input is additive (current) and the time course of each input is a Dirac delta function.
It may evoke a question of what the performance of the method would
be if applied to more realistic models and consequently, the experimental
data. To get insight into this problem, we applied the proposed method to
a more realistic model of a neuron in vivo (Destexhe, Mainen, & Sejnowski,
1998; Rudolph, Piwkowska, Badoual, Bal, & Destexhe, 2004), which captures two realistic features of the synaptic input: (1) the synaptic inputs are
conductance (state dependent) input, and (2) each synaptic input consists
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of a sharp rise followed by an exponential decay. The details of the model
are summarized in the appendix B. This model was simulated, but the estimation procedure was based on leaky integrator with input currents (see
equation 2.7.
We estimated the mean and variance of the input current {μ(t), σ 2 (t)}, and
the input rates {λ E (t), λ I (t)} are estimated using equations 2.8 and 2.9. We
considered the situation that the excitatory input rate was modulated and
the inhibitory one was constant. As in the previous sections, we simulated
sinusoidally modulated input (see equation 4.2) and constant input with a
jump (see equation 4.3),
λ E,i (t) = E 0 + E 1 sin(ωt), λ I,i (t) = I0 ,


T
, λ I,i (t) = I0 ,
λ E,i (t) = E 0 + δ E H t −
2

(4.6)
(4.7)

where λ E(I ),i (t) is the firing rate of each excitatory (inhibitory) presynaptic
neuron and H(t) is the unit step function. An example of results is shown in
Figure 6. We can expect that there will be an error when using the method
because the simulated data do not satisfy the assumptions that the synaptic
inputs are additive and a Dirac delta function. Although there are deviations
between the true inputs and their estimates, these deviations are small. This
method still provides an accurate estimate of the synaptic input for the more
realistic model.
5 Discussion
Several methods for estimating input signal from the voltage data have
been proposed up to now. The first is based on the maximum likelihood
principle. In Lansky (1983), the maximum likelihood estimator for constant
input signal in the Ornstein-Uhlenbeck model was developed. The method
was applied to the experimental data in Lansky, Sanda, and He (2006, 2010).
In Pospischil, Piwkowska, Bal, & Destexhe (2009), the maximum likelihood
method for estimating the constant excitatory and inhibitory synaptic conductances is also developed and applied to the experimental data. The
second method is based on the method of moments. Lansky et al. (2006,
2010) fit the mean and standard deviation of the Ornstein-Uhlenbeck process to the data and compared the results obtained by this method with
those from the maximum likelihood method. These two methods are applicable to the single-trial voltage data if the constancy of input signal can
be assumed. The third method is based on the approximate formula for the
steady-state membrane potential distribution. Such a formula was derived
in Rudolph and Destexhe (2003, 2005) and Lindner and Longtin (2006), and
the constant excitatory and inhibitory input conductances were estimated
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Figure 6: Estimation of synaptic inputs from membrane potential generated
by a realistic synaptic model (for details, see appendix B). (A) Voltage traces
used for the estimation. Input parameters are E 0 = 8.0 Hz, E 1 = 1.0 Hz, ω = 2π
rad/s, and I0 = 12 Hz (Left); E 0 = 7.0 Hz, δ E = 2.0 Hz, and I0 = 12 Hz (right).
(B) Estimates of total input excitatory firing rate λ E (t). (C) Estimates of total
input inhibitory firing rate λ I (t). The dashed lines are the true input rates and
the solid black lines are their estimates. Parameters used for the estimation are
a E = 0.08 mV, a I = 0.1 mV, VL = −60 mV, and h = 1.0 ms (left); a E = 0.1 mV,
a I = 0.08 mV, VL = −63 mV, and h = 1.0 ms (right).

by fitting the model to the observed voltage distribution of Rudolph et al.
(2004) and Rudolph, Pospischil, Timofeev, & Destexhe (2007). This method
is also based on the assumption of constancy of the input signals, and it
requires at least two voltage traces whose means are different. The fourth
method is based on the repetition of experimental trials. This method succeeded in estimating time-varying synaptic inputs from in vivo and in vitro
data (Borg-Graham, Monier, & Fre´gnac, 1998; Wehr & Zador, 2003; Monier,
Fournier, & Fre´gnac, 2008). The disadvantage of this method is the requirement of a high number of replicated trials with identical input signals. Thus,
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at least at this moment, this method is applicable only to sensory neurons
where the signal can be precisely controlled.
Contrary to these methods, our proposed technique requires neither the
constancy of the input nor the repetition of experimental trials. It is based
on four fundamental assumptions. First, the fluctuations of the membrane
potential can be closely described by the leaky integrator model. This
is not a very restrictive assumption since it has been shown that the
Hodgkin-Huxley models can be approximated by leaky integrate-and-fire
models quite accurately (Kistler et al., 1997; Jolivet et al., 2004; Kobayashi &
Shinomoto, 2007). Second, the proposed method is based on a simplified
model of the synaptic input. This is a current input model, which means
that the input is state (voltage) independent. This was also considered in
previous studies (Softky & Koch, 1993; Shadlen & Newsome, 1995, 1998;
Pham, Pakdaman, & Vibert, 1998; Diesmann, Gewaltig, & Aertsen, 1999;
Shinomoto, Sakai, & Funahashi, 1999; DeWeese & Zador, 2006; Lansky
et al., 2006, 2010; Jolivet et al., 2008; Kobayashi, Tsubo, & Shinomoto, 2009;
Vilela & Lindner, 2009). In realistic models, the synaptic input is described
as a conductance input, which means that the input is state (voltage)
dependent. In addition, Stein’s model assumed that a single synaptic input
is described as a Dirac delta function, which causes a discontinuous jump of
the membrane potential. However, the time course of the synaptic input in
real neurons consists of a sharp rise followed by an exponential decay. We
also assumed the homogeneity (fixed amplitude) of the synaptic input. As
shown in numerical examples (see Figure 6), some of these assumptions are
not restrictive, and the method seems to be robust against their violation.
The results indicate that the estimated infinitesimal mean and variance of
the model {Mj , S j } reflect the excitatory and inhibitory input rates in the
biophysical realistic model (see appendix B). The estimated moments also
reflect the mean and variance of the synaptic conductances estimated in
previous work (Rudolph et al., 2004, 2007; Pospischil et al., 2009). Third, the
voltage is recorded without observation noise. It is true that in the voltagesensitive imaging, the voltage is contaminated with high observation noise
(Huys & Paninski, 2009). On the other hand, when intracellular recordings
are used, the voltage is available practically noise free. Furthermore, a
sophisticated method for high-resolution intracellular recordings was presented in Brette et al. (2008). Therefore, this assumption is reasonable for the
intracellular data. Fourth, the intrinsic neural parameters, such as the resting
potential and the membrane time constant, have to be known in advance.
However, it should be noted that the proposed method can be extended to
include the estimation of these parameters. Similarly, the method can also
be extended for realistic neuronal models but it is beyond the scope of this
letter.
Potential application of the proposed technique would be to estimate
time-variable excitatory and inhibitory synaptic input rates from in vivo
recorded membrane potential (Borg-Graham et al., 1998; Wehr & Zador,
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2003; DeWeese and Zador, 2006; Monier et al., 2008). In general, it can be
applied to the experimental data in the present form under the condition
that the Ornstein-Uhlenbeck model describes them sufficiently well. It is
shown that some of the voltage traces recorded in vivo can be well described
by this model (DeWeese & Zador, 2006; Lansky et al., 2006, 2010). However,
in actual neurons, the synaptic input causes a change in conductance, and
the time course of each input is exponential. The difference between the
current input model and actual neurons is prominent if the voltage trace
fluctuates largely. The Ornstein-Uhlenbeck model might not describe that
kind of voltage traces well. In that case, extensions of our framework to the
realistic model would be useful for such situations. Such extensions would
allow us to estimate biophysical parameters (input conductances) from a
voltage trace.
In this study, we presented a new method for estimating time-varying
input signal from the membrane voltage of a neuron (see Figure 1). The
proposed method provides accurate estimates of both continuous and discontinuous signals (see Figures 2–4). Though discontinuous signals do not
satisfy an assumption of slow variability, the method is applicable for these
signals. For a constant signal, the estimation performance of the method is
comparable to that of the maximum likelihood method (see Figure 5). As
illustrated with the simulated data, the method is efficient and precise. The
price for its high flexibility and efficiency is a relatively high computational
complexity. Nevertheless, all the results suggest that the new method may
be useful for studying the input-output relationship in neurons.

Appendix A: Kalman Filtering and Smoothing Algorithm
We describe a procedure for calculating conditional expectations in equations 3.9 and 3.10 based on state equation 3.4 and observation equation
3.5.
For notational simplicity, we introduce x j|n ,  j|n and i, j|n defined by
 j |Z1:n ],
x j|n := E[ X

(A.1)

 j − x j|n )( X
 j − x j|n ) |Z1:n ],
 j|n := E[( X

(A.2)

 i − xi|n )( X
 j − x j|n )T |Z1:n ].
i, j|n := E[( X

(A.3)

T

For evaluating equations 3.9 and 3.10, we need to calculate conditional
N−1
expectations {x j|N−1 } N−1
j=1 and conditional covariances { j+1, j|N−1 } j=1 from
the observation.
A.1 Prediction Algorithm. The mean and covariance of the predictive distribution x j+1| j ,  j+1| j may be calculated from that of the filtered
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distribution x j| j ,  j| j :
x j+1| j = F x j| j ,

(A.4)

 j+1| j = F  j| j F + G.
T

(A.5)

A.2 Filtering Algorithm. Using the Bayes theorem, the filtered distribution may be written as
P[x j |Z1: j ] =

P[Z j |x j , Z1: j−1 ]P[x j |Z1: j−1 ]
P[Z j ]

∝ P[Z j |x j ]P[x j |Z1: j−1 ].

(A.6)

The filtered distribution may be approximated to the gaussian distribution
by Taylor-expanding its logarithm up to the second-order term (Laplace
approximation; Smith & Brown, 2003; Eden et al., 2004; Koyama, PerezBolde, et al., 2010). The mean and covariance of the filtered distribution
x j| j ,  j| j can be given by
d
log p(x j |Z1: j )|x j| j = 0,
d x j

(A.7)

 −1
 j |Z1: j ))|x j| j ,
j| j = −H(log p( x

(A.8)

where H( f ) is the Hessian matrix of f.
A.3 Smoothing Algorithm. The mean and covariance of the smoothed
distribution x j|N−1 ,  j|N−1 can be given by (Smith & Brown, 2003)
x j|N−1 = x j| j + Aj (x j+1|N−1 − x j+1| j ),

(A.9)

 j|N−1 =  j| j + Aj ( j+1|N−1 −  j+1| j )ATj ,

(A.10)

Aj =  j| j F  −1
j+1| j .

(A.11)

where

A.4 Covariance Algorithm. The covariance algorithm for calculating
the conditional covariance  j+1, j|N−1 is given by
 j+1, j|N−1 = Aj  j+1|N−1 .

(A.12)
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From these equations, we can evaluate the conditional variances in equations 3.9 and 3.10 using x j|N−1 ,  j|N−1 and  j+1, j|N−1 ,
(1)

(1)

E[(Mj+1 − Mj )2 |Z1:N−1 , θk ] = x j+1|N−1 − x j|N−1
(1,1)

2

(1,1)

+  j+1|N−1

(1,1)

+ j|N−1 − 2 j+1, j|N−1 ,
(2)

(2)

E[(S j+1 − S j )2 |Z1:N−1 , θk ] = x j+1|N−1 − x j|N−1
(2,2)

2

(A.13)
(2,2)

+  j+1|N−1

(2,2)

+ j|N−1 − 2 j+1, j|N−1 ,
(k)

(A.14)
(k,l)

where x j|N−1 is the k component of the vector x j|N−1 ,  j|N−1 is the (k, l)
(k,l)

component of the matrix  j|N−1 and  j+1, j|N−1 is the (k, l) component of
the matrix  j+1, j|N−1 .

Appendix B: A Single-Compartment Neuronal Model
with Realistic Synaptic Inputs
Single-compartment neuronal model with realistic synaptic inputs (Destexhe et al., 1998; Rudolph et al., 2004) can be summarized in the following
way. The membrane potential of a neuron V(t) is described by

Cm

dV
1
1
= −g L (V − E L ) + IExc (t) + IInh (t),
dt
a
a

(B.1)

where Cm is the membrane capacitance, gL is the leak conductance density,
EL is the resting potential, and a is the membrane area. The membrane
parameters are Cm = 1 μF/cm2 , g L = 0.0452 mS/cm2 , E L = −80 mV, and
a = 34,636 μm2 . The synaptic currents are given by

IExc (t) = −

NE


gAMPA mke (t)(V − E e ),

(B.2)

gGABA mik (t)(V − E i ),

(B.3)

k=1

IInh (t) = −

NI

k=1

where gAMPA(GABA) is the quantal conductance of an AMPA (GABA) receptor
respectively, E e(i) is the reversal potential of excitatory (inhibitory) conductance, and mke(i) represents the fractions of postsynaptic receptors in the
open state at each excitatory (inhibitory) synapse. The dynamics of mke,i are
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given by kinetic equations,
dme,i
= αe,i T(t)(1 − me,i ) − βe,i me,i ,
dt

(B.4)

where T(t) is the transmitter concentration in the cleft and αe(i) and βe(i) are
forward and backward binding rate constants for excitatory (inhibitory)
synapse. When a spike occures in the presynaptic compartment, a transmitter pulse is triggered such that T = Tmax for a short period tdur and
T = 0 until the next spike occurs. The synaptic parameters are NE = 1000,
NI = 1000, gAMPA = 1800 pS, E e = 0 mV, αe = 1.1 × 106 M−1 s−1 , βe = 670 s−1
for AMPA receptors, gGABA = 1200 pS, E i = −75 mV, αi = 5.0 × 106 M−1 s−1 ,
βi = 180 s−1 for GABA receptors, Tmax = 1 mM, and tdur = 1 ms.
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