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For the problem of dividing the space originally pad tionec ~y a
blurred boundary, every learning algorithm can make the probability of incorrect prediction of an individual example E decrease with
the number of training examples t. We address here the question of
how the asymptotic form of ~ ( tas
) well as its limit of convergence reflect the choice of learning algorithms. The error minimum algorithm
is found to exhibit rather slow convergence of E ( t ) to its lower bound
E ~ &(f)
,
- EO
O(t-2/3).Even for the purpose of minimizing prediction
error, the maximum likelihood algorithm can be utilized as an alternative. If the true probability distribution happens to be contained in
the family of hypothetical functions, then the boundary estimated from
the hypothetical distribution function eventually converges to the best
choice. Convergence of the prediction error is then E ( t ) - E O
O(t-'). If
the true distribution is not available from the algorithm, however, the
boundary generally does not converge to the best choice, but instead
E ( t ) - EI
fO(t-'/2), where > EO > 0.

-

-

-

1 Introduction

The original purpose of machine learning is to adjust the machine parameters so as to reproduce the input-output relationship implied by the
examples. Learning situations can be classified into two cases depending
upon whether or not the machine is in principle able to completely reproduce the individual examples. In the case that the machine is able to
reproduce examples, the remaining interest is the estimate of generalization error: the probability of the incorrect prediction E of a novel example
provided that the machine has succeeded to reproduce t examples. The
problem has currently been resolved by two means: computational theoretical, and statistical mechanical. First, the idea of PAC learning by
Valiant (1984) was applied by Baum and Haussler (1989) to the worst
case estimate of the generalization error of the neural network models.
Second, a statistical mechanical theory for typical case estimate of the
generalization error is formulated under the Bayes formula by Levin et
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al. (1990). Amari et al. (1992) classified the asymptotic scaling forms of the
) four types. The statistical theory is not restricted
learning curves ~ ( tinto
to the case that a machine can reproduce the raw examples. Actually, two
among the four types of the scaling forms are concerned with the case
that the examples shown by the supervisor are more or less noisy.
We take up here the convergence of prediction error for dividing the
space originally partitioned by a blurred boundary. The purpose of the
learning would not be unique in this case; one may seek the probability
distribution of the classification, or one may seek the best boundary so
as to minimize the prediction error for individual examples. The maximum likelihood algorithm and the error minimum algorithm are the
corresponding standard strategies for these motivations. The two strategies are identical if the family of hypothetical distribution functions for
the maximum likelihood algorithm are stepwise and symmetrical [see
Rissanen (1989); Levin et al. (1990)l. In the case that the hypothetical distribution functions are smooth, however, the two strategies are generally
different from each other.
We found that the convergence of the error minimum algorithm is
rather slow. In this algorithm, c ( t ) converges to the lower bound EO with
O(t-2/3).We will explain the source of the
the asymptotic form E ( t ) - E O
fractional exponent 2/3 theoretically. Even for the purpose of minimizing
prediction error, we can use the maximum likelihood algorithm as an
alternative. In this case, the boundary can be defined as a hypersurface
on which the hypothetical probabilities for alternative classes balance
with each other. If the true probability distribution is available from the
algorithm, the prediction error converges rapidly as E ( t ) - EO O(t-'). In
the case that the true distribution is not available from the algorithm, the
boundary generally does not converge to the best choice, but ~ ( t-)~1
+O(t-'/2),where EI > EO > 0.
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2 Numerical Simulation

We first show the result of numerical simulation of the following simple
partition problem. Every example consists of the real input x E [0,1]and
the binary output s = f l . Real number x is drawn independently from
the uniform distribution over the interval, p ( x ) = 1. The probability of
~ p ( s = -1 I
getting s = f l depends on x as p ( s = fl I x) = 0.1 0 . 7 and
X ) = l-p(s = +1 1 x ) (Fig. la). We examined the following three strategies
for the partition of the interval: (1) the error minimum algorithm, ( 2 ) the
maximum likelihood algorithm with the family of probability functions
qw(s = +1 I x ) = w 0.7x, and (3) the maximum likelihood with q,(s =
+1 I X ) = w 0 . 4 ~ .
The error minimum algorithm seeks the partition that minimizes the
total number of the left points with s = +1 and the right points with
s = -1. As the number of examples increases the partition point x, is

+

+

+
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Figure 1: (a) The original probability distribution p ( s = +1 I x ) = 0.1 + 0 . 7 ~ .
(b) The best partition (0 = 4/7 for the error minimum. (c-e) The best hypothetical distribution functions for the maximum likelihood with pw(s = +1 I x) =
w + 0.7x,w + 0.4x, and 6 + (1 - 26)8(x - w).

expected to approach the point t o = 417 at which the probabilities for
the alternative classes balance: p ( s = $1 I to)= p(s = -1 I to)(Fig. lb).
For the given partition at xo, the probability of incorrect prediction is
E = EO
a(x, - to)’, where EO = 9/28 and a = 0.7’. In this algorithm, the
possible position of the optimal partition x, is given by the interval of
adjacent points (xi, x,) and the error measure has to be averaged over the
interval.

+
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The maximum likelihood algorithm seeks the optimal parameter value

w,, which maximizes the likelihood function,
(2.1)
S ,X

The original probability distribution is available from the algorithm (2),
and the optimal parameter w,is expected to approach wo = 0.1, which
minimizes the Kullback divergence. As a result, the optimal partition x,
estimated by sW,,(s= +l I x,) = sw(,(s= -1 I x,) eventually approaches to
the best choice, t o = 4/7 (Fig. lc). On the other hand, algorithm ( 3 ) does
not contain the true distribution function, and the optimal parameter
is expected to approach to a value w1, which minimizes the Kullback
divergence. In this case, the optimal partition x, approaches to a point (7
remote from to= 4/7 (Fig. Id). Note again that the maximum likelihood
is identical to the error minimum if the family of hypothetical functions
is stepwise and symmetrical (Fig. le), although this is rather exceptional
as a maximum likelihood algorithm.
In the numerical simulation, the three algorithms are carried out to
obtain the optimal partition x, and the prediction error E for the set of t
examples drawn from the distribution, p(s I x)p(x). The average of the
prediction error E taken over 1000 sets of examples is plotted in Figure 2.
The plots of E ( t ) - EO for (1) and (2) exhibit the scaling E ( t ) - EO O(t-"),
with the exponents IY = 0.670 f0.004 and (Y = 1.012+L 0.008, respectively.
The prediction error according to the algorithm (3)does not converge to
the lower bound EO but to € I ( > E O ) . The mean square deviation of E ( t )
from ~1 in case ( 3 ) is depicted in Figure 3, where we can see & ( t )- €1
f O (t-") with the exponent N = 0.520f0.004. These results are examined
in the next section.
N

-

3 Theoretical Interpretation

In order to elucidate the nontrivial exponent obtained from the error
minimum (l), we wish to consider here the simpler situation that the
examples are arranged at regular intervals of l / t , assuming the same
form for p(s I x). Let each example be denoted by the sequence j from 1
to t. The probability of sj taking the value s = fl is given by p(s I x = j / t ) .
The total number of errors for the partition between i and i + 1 is

E,

=

k(l+ s,)/2 + f:(1

~

]=1

s,)/2

(3.1)

j=i+l

The expectation value of the number of errors is estimated as

(6) (Ern)+ ( a / t ) ( i - m)'
N

(3.2)

where m is the best partition which minimizes the difference of the alternative probabilities, Ip(s = +1 I x = m / t ) - p ( s = -1 I x = m / t ) ] . O n

Y.Kahashima and S. Shinomoto

716

G-E >

average prediction error

0

lo2 k

k

I O3
1O4

1O5

103

104

105

Figure 2: Average of E ( t ) - E O . (b), (c), and (d) correspond to cases (l),(2), and
(31, respectively. The lines for (1) and (2) were drawn from the least square
fit: E ( t ) - EO IX t P with the exponents N = 0.670 f 0.004 and 1.012 f 0.008,
respectively.
the other hand, the mean square deviation of the difference E; - E,, is
approximated as

AE2 = ( ( E ; - Em)') - ( ( E i - Em))*

-

(i - rnl

(3.3)

This is the result of a "random walk" of E; (see Fig. 4). Thus the optimal
partition i that minimizes the number of errors E; can fluctuate around rn.
The order of the deviation is estimated by the balance (AE( (Ei - Em),
which implies Ii - m( O(t2/3),or
fx, - (01

-

-

0(t-'/3)

-

(3.4)
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Figure 3: Average of [ ~ ( f )- EO]' for (1) and (2), and ( ~ ( t-) EI]' for (3). They
exhibit the scaling t P with the exponents cy = 1.313 f 0.016,1.976f 0.014, and
1.040 f 0.007, respectively.
The prediction error is thus estimated as
E(t) =

(Ei)/t = (Em)/t

+ ( u / t 2 ) ( i- m)'

= €0

+O(F~'~)

(3.5)

The numerical result of (1)is consistent with this fractional exponent 2 / 3 .
The remaining two asymptotic scaling forms for the maximum likelihood algorithms (2) and (3) can be explained by the conventional theory.
The variance of the maximum likelihood estimator wo is known to obey
the asymptotic scaling,

([wo(t)
-4
')c( t-'

(3.6)
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Figure 4: Schematic representation of the fluctuation of E; around ( E i ) .
where w = limf-m(wo(f)). Thus the deviation of w, from w is of the
order of t-'/2. Deviation of the position of the boundary xu from =
limf+m(x,(t))is proportional to the one of w o from w. In the case that
the limit [ is identical to the best choice, = (0, the prediction error is
estimated as

<

<

& ( t )- &o c< ( x , - [o)2 = 0(t-')

On the other hand, if the limit
error is
€(f)

N

El

+ 2c(& (0)(x,
+ c([1 - <a)* >
-

<=

- (1)

(3.7)
is remote from

= &I f 0 ( t - 1 ! 2 )

(0,

the prediction

(3.8)

where €1 = ~0
EO. The numerical results of (2) and ( 3 ) are,
respectively, consistent with the scaling forms of equations 3.7 and 3.8.
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It is not so difficult to show that these three types of learning curves
are not sensitive to the choice of the problems as well as the dimensionality of the space x. The point will be discussed elsewhere. In this paper
we did not take into account the computational complexity of these algorithms as well as the estimate of the error measure E itself such as
discussed by Haussler (1991). The problems are left to future studies.
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